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The model is constructed from the peak nominal stress (PNS) surfaces that have been identified
from laboratory experiments. The limiting envelope is expressed in terms of (i) a deviatoric
shape function r, (ii) the compression meridian p,s, and (iii) the extension meridian p,,, .
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& =o0y/ V3 and p = \/5ijSij where the deviatoric stresses s;; = 0;; — 0;;¢/ v/3. The hyperbolic
form ensures that the surface never closes on the compressive hydrostatic axis, while intersect-
ing the tensile hydrostatic axis normally. c;-c3, ej-e3 are six dimensionless positively-valued
material constants. Considering the common point of tensile closure of the PNS surface on the
hydrostatic axis, the number of material constants reduces to five. These may be determined
from the following set of experimental data: uniaxial compression (f.), uniaxial tension (f;),
equal biaxial compression (fy.), hydrostatic tension (fy;) and high level triaxial confinement on
the compression meridian (ftc, pie)- The overbar indicates normalization of the stresses with
respect to f..
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where &, = V3 fri. ¢1 and e; can be thought of as measures of internal friction since NG
and /e, are the slopes (Gﬁps / 85) of the compression and extension asymptotes. Thus, as &
tends to —oo, so the ratio pps, /pps. tends to y/eq/c1. Decreasing either ¢y or e; has the effect
of decreasing the hydrostatic tensile strength while increasing the triaxial compression and
extension strengths. c; and es represent measures of cohesion (when & = 0, Pps. = /€3 and
Pps. = /€3). The deviatoric shape function r(¢) follows the elliptic form first presented in [1]
where ¢ = %arcsin(—3J3\/§/(2J§’/2)), Jy = %s,-jsﬁ, Js = %sijsjkski and r expresses the ratio
Pps/ Pps.- The function creates a smooth locus with 6-fold symmetry in the deviatoric planes
that remains convex when r (—%) > %
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hardening yield function has been constructed to provide a smoothly transforming surface
which is divided into compactive and dilative regions. The former is developed from a rotated
ellipse which closes on the hydrostatic axis in the compression region. The first stage in the



construction of the hardening yield surface involves definition of the plastic volumetric transition
(PVT) locus fus, = c1 e,

Consider a point &, on the hydrostatic axis, in the &-p. plane. A line with slope ¢; connects
ne to an intersection point on the PVT locus at &, Put.- In order to arrive at the expressions
that define the rotated ellipse, we make use of local axes x; and y;, although finally we will
express the surface in terms of the invariants ¢ and p. Let the center of an ellipse be located at
the origin of the x1, y; coordinates. The major axis coincides with the x; axis and the minor
axis coincides with the y; axis. We write the equations for the ellipse in bipolar form

x1 = acos(f)
{ y1 = bsin(f) = a cgsin(0) (9)

where 0 is the counter-clockwise angle measured from the x; axis to a point on the circle used
in the construction of the bipolar expressions. cg identifies the aspect ratio (b/a) where a and b
are the ellipse major and minor semi-axis lengths. Consider now another rectangular coordinate
system x5, yo formed by rotating clockwise #15 (measured from the z; axis) about the origin.
Then we make the translation from s, 5 to the &, p coordinate system such that

{ € = acos(f) cos(f12) — a cgsin(f) sin(f12) + &

pe = acos(f)sin(fi2) + a cgsin(6) cos(612) + po (10)

where &, and po are dependent upon ¢4, ¢5 and cg. Defining ag = p./pps., we now determine
the set of intermediate variables a, 612, & and py from the material constants c4, c5 and ¢g and
consideration of the constraints acting on the ellipse. These constraints (i) force the ellipse to
pass through &,;, p,: with a tangent parallel to the hydrostatic axis and (ii) pass through &
with a tangent normal to the hydrostatic axis.
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where 6;,. and 6,; are those angles associated with the hydrostatic intersection point and the
volumetric transition point respectively. Differentiating (10); and substituting into (11)z, after
rearrangement gives

One = ™ + arctan(—cg tan 6;5) ... similarly 0,c = arctan(cg cot 015) (12)
Considering (10) at locations . and pp., we obtain

{ & =—a cos(0p.) cos(012) + a cg sin(Oy.) sin(br2) + Ene

po = —acos(Op.) sin(bh2) — a cg sin(Oy.) cos(612) (13)

The intermediate variables a and 65 are defined next. Considering the volumetric transition
point and using (10);, we have

€t = acos(By) cos(B12) — a cgsin(fy,) sin(f12) + & (14)
Substituting (13); into (14) and rearranging gives
o= gvt - fhc (15)

(cos(Byt) — cos(Op.)) cos(bh2) — co(sin(By) — sin(bpe)) sin(b12)
Substituting (10)y into (11)4 gives
pot = @ (cos(By) sin(b12)) + a cg(sin(fy) cos(f12)) + po (16)

Substituting (13)y into (16), solving for a and substituting into py = c5(Ey — Ene) gives an
expression for a which may be equated with (15), allowing a to be eliminated.

(cos(Byt) — cos(Op.))(c5 cos(O12) — sin(fy2))
—cg (sin(Byy) — sin(Bne))(cssin(f12) + cos(br2)) =0

It is not possible to arrive at an explicit expression for 6y, thus (17) has to be solved iteratively,
for example using the Newton-Raphson scheme. We now derive an explicit expression for aq in
terms of . Subtracting & from (10); and multiplying by cos(6;2) and sin(#2), then performing

(17)
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a similar operation on (10), and summing and finding the difference of the resultant expressions,
gives two terms which are divided by a and a cg respectively. Squaring these and adding provides

(cos(612)(€ — &) + sin(012) (P — ﬁ_@)i
e (cos(br2)(pe — po) — sin(0r2) (€ — &)™ = a’

We define «; and a5 as
a1 = (€ — &) cos(b12) — posin(frz) ay = —(£ — &) sin(f12) — po cos(b12) (19)

Substituting these into (18) and rearranging gives

(18)

(6%} ﬁz‘l'Oq ﬁc+a5:O (20)
where
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oy =2 agsin(fi2) +— azcos(bha) a5 = —é—l—a%—aQ (21)
Cg Cg

3 = (sin(@lg))2 +

Ce
Solving (20) for p. provides the expression we seek for the compactive region
1 _
pe=— | —as++/ai — 4 azas § < &t (22)
2 3

The dilative region of the hardening surface is constructed from enforcing the following con-
strains at &, and &, (i) the dilative region exhibits Cy continuity with the compactive region
at the PVT point, (ii) the deviatoric hardening measure, ag, equals one at &, and (iii) the
tangent to the aq versus € curve is zero at &,,. Given

9%p, cos(0yt) sin(612) + cg sin(b,;) cos(b12) (23)
— = — — a
9¢? [g, a(sin(fy:) cos(012) + cg cos(By,) sin(br2))? 0
and expressing the constraints in terms of g, we have
’ 8040 CqQuy 820(0 g — 20(90(7 — C408
Qolg,, —C4 AT = - = = = Q9 = = = = = 010
o O lg,, V&l — b + e 0 |, V&l — cabu +cs
(24)
where
B 2¢1&0 — € Ao (el — b+ c3) — (2016 — 2)?
057 — — — Ofg — —2 - 3/2 (25)
2182 — et + 3 4(er&yy — cabur + c3)
At Eht two constraints exist
8050
aolg,, =1 and —1 =0 (26)
" % lg,

We now construct a surface in the dilative region by use of the following conic form (where
aq1-15 are fixed for a given surface, as is &)

(€ = &u)® + 1a(€ — Eu)(ag — ca)+
(ao — ca)? + 13(§ — &) + ara(ag —ca) + a5 =0
Substituting (24;) into (27), we find that as; = 0. Inserting this into (27) and rearranging,

differentiating twice (with respect to &) and substituting the constraint conditions (245) and
(243), then inserting (26); into (27) and (26), into the derivative of (27) gives

(27)

a3 + Qg9 = 0
~ 2an1 + 20009 + 2045 + ooy =
o1 (Ene — &ur)® + 12 (Ene — ur) (1 — ¢4) (28)

+(1 = cy)? + a13(§ht — &) Faa(l —cq) =0
2001 (§pt — &) +12(l —ca) + 13 =0
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Eliminating aj2 by manipulating (28)3; and (28)4, then solving for ay; gives

1—cy
(ght gvt)
Solving (28); gives a3 = —ansag Substituting (29) and a43 into (28)4, and solving for a;o
1 2(1 —c¢
o= (wen = 5 =g (1w —ca) 0

Substituting (30) and (29) into (28)2, and solving for a4
2(1 — ca)® — 4 ag(1 — c4)(Ene — &ut) +2 af(Ene — Eut)?
2(1 — ca) — 4 ag(Ent — Eut) + <12f§ ) (&t — Eut)?

We now consider (27) as a quadratic in ag which leads to the solution

Pe = Pps. (64 + %(_0516 + 0418)) &> &t (32)

Whether ayg is added or subtracted in (32) depends on the sign of ajg9 (415 when ajg9 < 0,
—a1g when a9 > 0).

arg = (€ — &) +on oy = 0411(5 ut)? + 13(€ — &) + a5 (33)
a1g = v/ 04%6 —4 ayy Qg = 0412 4oy
The degree of hardening experienced by the material is characterized by ..
f_ o Cr Qg0
" (ax — 1) X0 gla0)”
cs takes on the role of identifying the size of the initial elastic nucleus (that is, the initial yield

surface). The internal variable ky, ([ dkj) is tied to the effective plastic strain via the following
rate relationship

(31)

Qg = —

where a9 = cs + (1 —cs)ky, (34)

5513 53%

ky, = S o1 = o(&pe — €)(1 — tanh(cio€ + c11)) (kn)? (ci3(p)™ + 1) (35)

To replicate softening, the PNS surface translates along the hydrostatic axis (in the compressive
direction) such that, in the residual state, all hydrostatic tensile strength disappears. Motion
of the PNS surface is achieved through introduction of the softening variable ks modifying (1)

Pe = \/Cl(f— Ene(ks — 1))2 — c2(€ — Ene(ks — 1)) + 3 (36)
Pe = \/61(5— Eni(ks —1))% — ea(€ — Eu(ks — 1)) + 3 (37)

The measure of de-cohesion (reducing from 1 to 0) is defined by

b= e (s (22l @) ) (3)

g9 identifies the characteristic length of the finite element. (V) selects only the positive (tensile)
part of the principal plastic strain rates. cq7, represents the relative measure of the effective
fracture energy expended during uniaxial compression with respect to that consumed under
uniaxial tension. n = p/¢.

o2 = V25 = D)1 = coslip + T))lerr = 1) +1
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