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1. INTRODUCTION

This research work has its foundation on the clatiieorems of Limit Analysis for the upper and loweund
approximation to the limit load of a Von Mises dgplastic incompressible material body in planesgr The
approach uses a Finite Element solution with a NevRaphson optimisation technique for the computatib
an upper bound to the limit load. Then a flux eudition technique based on Ladeveze constant $lwséd to
obtain equilibrated interelement tractions with ethito compute a lower bound estimate to the ca#ldpad
from the localised problem, on an element-by-eldnbasis. Both estimates are used in an adaptivengeho
produce a decreasing interval on which the trué lmad lies.

2. GOVERNING EQUATIONS
Statically and kinematically admissible statestheecore of the classic limit analysis bound theweThese, as
stated in [1] are as follows: statically admissible state is described by a stress fietdl, and a load multiplier
y° such that
—divo,=pybinQ; on=yt ondQ; f(o)<0 inQ

for body forcesh, and given surface tractiodis, Similarly, akinematically admissible state is described by a
displacement rate fieltl, and a plastic strain rate fielfl such that

£=(00)g, InQ; 0, =01in 09, ; .[Qbﬁude+LQtt (W, ds>0
From the power equality we can write the kinemdliicadmissible multiplier as

¥=|.D, (s)dQ/(ij [0, dQ +Lg‘t mkds)

Where Dp(é") is the plastic dissipation rate per unit volumecan be shown that from tHeostulate of
Maximum Plastic Dissipation we can write the relation

sy
This relation corresponds particularlyrigid-plastic materials as described in [2], in whi¢h is equal to&”,

neglecting thedlastic strain rate, which is valid for this type of material. In ord® build the constitutive
relations consider a simple Von-Mises material. fdie of plastic dissipation for a given rate af theformation

tensord is given as:
D,(d)=0,&(d) with d=%(0u+00")
where a, is the yield stress and the equivalent strain atis
= — . 2
£=J3(d:d+12)

where |, =tr (d) , considering the incompressibility of the mateiralplane stress. From these relations, the
yield criterion and the postulate of maximum diasipn we can write the relation:

o=2ud+1,4)



with (= Jy/S? andl being the second order unity tensor, so the tangemstitutive tensor can be written as

c=99-" o 101+1)-—L
5d " adoa - 2! )3

where [y, =5(9,9; +3,9;) -

With these at hand, now we state the upper bouridlgm as a minimisation scheme as

v)/M(v)=min[ A, (a)/7, (0)]
where)/“is the true collapse multipliev,andl are the collapse and arbitrary velocity fields pesgively; as
well as 1 ( )and M ( ! )denoting the total plastic (internal) work and &xernal work. We now normalize
the solution to obtain a load vector which produzesit external work, so we define theeluced spacev as:

v ={uoyY | N, (0)=1
and therefore the problem reduces to

y =minn, ()

3. THE UPPERBOUND SOLUTION

We consider a finite element discretization of buely over a reduced spaé?@| so that the multiplier can be
rewritten as

VC:np(VH):LTDlj?Pl_lp(U) so that y° <,

The constrained minimisation produces a set of émpmthat lead to a Newton-Raphson solution teaimiq
provided the singularity of the stiffness is tal@me of, and an initial velocity vector can be catep, in this

case, as the normalized elastic finite elementtisoilY,, denotes the corresponding solution space:

Y, ={uny [a=3u.N,}
for a given set of finite element shape functiN;sover a mesh witAk=1,..,nnodes. Consider also the
reduced space?H

v, ={uoy, |n (0)=1
A Lagrange minimization technique is used to commuteelocity field vV, that produces the least internal
plastic work at imminent collapse. The Lagrange soutakes the form

T(u) - AH@W)=0
where T f B'o d2 and H(u) =01l ./OU . The Newton-Raphson procedure yields an iterative
process based on the step expression

KAu=A_,F-T(,)
where A, =T1 (uk) F is the external force vector aKq, is the tangent matrix. Because of the singularity

of the tangent matrix, a special treatment is gitcethe solution construct which produces a redunedber of
degrees of freedom when solving the equilibriumaeigum.

4. THE LOWER BOUND EVALUATION

Consider a very fine me¥jin figure 1.b, obtained by enrichiny, shown in figure 1.a, by higher order

polynomials or element subdivision. By construcgnl] Y, and we will assume that the solution ¥y is
sufficiently accurate, that is

Vo=y,=N_(v,)=minn _(u) (1)

ucv;,
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where the reduced spade is as beforeY,, ={U gy, ‘ I, (u) = ]} :

a)
Figure 1. a) Coarse space; b) Fine space (referaash); and c) Broken space.

Consider that the fine spad of figure 1.b) has theroken spaceYAh in figure 1.c) where continuity across the

edges ofY,, macroelements is not enforced. Note tfat 1Y, . To restore continuity we introduce the edge
forces(

b(q,u)=[_qtfu] d

wherel[l]]] denotes the jump @facross the interval edges . Then

Y, ={uDY, | b(q,u)=0 O}
The reduced spac\z,h is now

Y, ={0v, | N, (1) +b(q.u)=1 1q)
Note that the conditiod 1, (u) =1 is obtained by taking] = 0. The minimization (1) is now rewritten with
the help of the Lagrangian
a,(u,9,y)=nN, () +A,[1-1, (u)-b(q.u)]

and based on duality theory as in [3] we have:

=minmax a, (U
I mnma h( q/‘h)

leading to
> 1 . > H . = ~
Vo 2 maxmin n}haxa(u a4z min Epaxcr(u P, A) =7 @)
This represents a lower bound to the collapse nlieiti;yC. The termP,, in (2) represents a particular choice of

g to be evaluated in the coarse mesh. The deteiiminalf the edge force$in this implementation is
accomplished by th#ux equilibration method initially proposed in [4]. A simpler expressior‘rfg?fh is obtained
by first defining theaugmented external force term

A, (u)=",(u)+b(P,0)
and the reduced broken space as

Y, ={u0¥ A, (1) =1 ©)

Hence}/;, is now
7=, (9,)=minn (u)
ucly;,

Despite the fact that condition (3) seems to tighgsolution of the local problems, they can ict fae solved
individually. To show this consider each macroelemer=1,... ,M, in turn, wherdn, is the number of

fAz(e)=1.

elements in the coarse mesh. Consider the corrdisppreduced spaceZ,” Z{Ue 0z;




Here, U%is the velocity field within the local domain, ari:clf (Ue) denotes the work done by the forces acting

on the edges of eleme®t We now define the local (elemental) minimizefﬁ as
ye=minMe (ue) =n¢ (\:/e)
2 wenze P AN
Proposition the minimizery/, is
~ . ~ — AE
= min =
W o Vo EVa

Proof Consider anyl,, DY_h and letU; denote its restriction to macro-elemeit With this notation

A~

M, (6,) = X5 (us) wit condiion A, (8,) = XA (u5) =1

Then A
M () =2 (05) = 3¢ 05) 5[/ (ut)
>y fie(ug) ne (%) @)
2 pE> g (ug) 2 pe (5)

This last inequality implies that in the broken gesb the deformation localises in the weakest elémetower
bound, from the proof above, can be better compfuted expression (4) , that is

~ Sef e e[Re
I _znt (uh) I_Ip(vh)
e
This last expression corresponds to an integralommbr, incorporating each elemental contributiothtolower

bound, as opposed to the local approach which s&dan a single element contribution, described by
expression (5). The integral approach gives theressits, which are described thereafter in thegirepaper.

5. ADAPTIVITY ISSUES

The implementation of the adaptive procedure usetignwork is based on larefinement method by element
subdivision, as summarized in [5]. The upper ancelolounds produce what is known asttbend gap which
can be determined as the sum of the differencegeeet the contributions of the upper and the loveemiol on a
local, element-by-element basis. This can be sunzethas

g=>"0, with g, =T (uf ) TIe(0g) H‘;(\?ﬁ)
e
so that the elemental contribution to the total gmused as thedaptivity indicator, using themaximum
contribution criteria, that is: refine those elements whgge> v -7 for some0 < v <1 chosen by the user,
with 7 =maX ¢@,. The refinement process uses a set of rules tovd#ahanging nodes on non-conforming
e

elements, which constitutes a convenient, simplaeshing strategy.

6. NUMERICAL RESULTS

An end-loaded wide tapered cantilever beam in pfress as that presented in [6] is used for d diseussion
of the results. The figure 2.a) shows the case problith the coarse initial mesh. An intermediagpsh the
adaptive process is depicted in figure 2.b). Thalfadaptively refined mesh of the solution is shawifigure
2.c) clearly describing the plastic regions whdifelfes are expected to occur.

In figure 3.a) a plot of the upper and lower boupdsgression for adaptive refinement is preseritaticating
the average predictor progression. Meanwhile,darg 3.b) the rate of convergence of the boundagapthe
bounds errors are depicted. Similar results to ehok figure 3.a) were observed for the case of cumif
refinement, with the evident higher processing aitipe latter.
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Figure 2. An adaptive refinement sequence
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Figure 3. Upper and lower bounds and rate of cayereze plots

7. CONCLUSION

An innovative solution procedure to the limit staralysis problem in plane stress for rigid-plastin Mises
materials is presented. The numerical results shgwod performance in terms of the quality of th#pat and
processing time. Extensions to new modelling caowlit are being considered for future research.
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