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1. INTRODUCTION 
 

This research work has its foundation on the classical theorems of Limit Analysis for the upper and lower bound 
approximation to the limit load of a Von Mises rigid-plastic incompressible material body in plane stress. The 
approach uses a Finite Element solution with a Newton-Raphson optimisation technique for the computation of 
an upper bound to the limit load. Then a flux equilibration technique based on Ladeveze constant flux is used to 
obtain equilibrated interelement tractions with which to compute a lower bound estimate to the collapse load 
from the localised problem, on an element-by-element basis. Both estimates are used in an adaptive scheme to 
produce a decreasing interval on which the true limit load lies. 
 

2. GOVERNING EQUATIONS 
 
Statically and kinematically admissible states are the core of the classic limit analysis bound theorems. These, as 

stated in [1] are as follows: a statically admissible state is described by a stress field sσ and a load multiplier 
sγ such that  

  s
sdiv bσ γ− =  in Ω ;  s

sn tσ γ=   on t∂Ω ;  ( ) 0sf σ ≤   in Ω  
for body forces,b , and given surface tractions,t . Similarly, a kinematically admissible state is described by a 

displacement rate field ku�  and a plastic strain rate field ε�  such that 

( )k symuε = ∇� �  in Ω ;  0ku =�  in u∂Ω  ; 0
t

k kd dsb u t u
Ω ∂Ω

⋅ Ω + ⋅ >∫ ∫� �  

From the power equality we can write the kinematically admissible multiplier as 

( ) ( )
t

k
p k kD d d dsb u t uγ ε

Ω Ω ∂Ω
= Ω ⋅ Ω + ⋅∫ ∫ ∫� � �  

Where ( )pD ε�  is the plastic dissipation rate per unit volume. It can be shown that from the Postulate of 

Maximum Plastic Dissipation we can write the relation 
s kγ γ≤  

This relation corresponds particularly to rigid-plastic materials as described in [2], in which ε�  is equal to pε� , 
neglecting the elastic strain rate, which is valid for this type of material. In order to build the constitutive 
relations consider a simple Von-Mises material. The rate of plastic dissipation for a given rate of the deformation 
tensor d  is given as: 

( ) ( )p yD d dσ ε= �       with     ( )1
2

Td u u= ∇ + ∇� �  

where yσ  is the yield stress and the equivalent strain rate ε�  is 

                                        ( )22
3 : dId dε = +�  

where ( )dI tr d= , considering the incompressibility of the material in plane stress. From these relations, the 

yield criterion and the postulate of maximum dissipation we can write the relation: 
 

                                 2 ( )dId Iσ µ= +  



with 3yµ σ ε= �   andI being the second order unity tensor, so the tangent constitutive tensor can be written as  

   ( )
2

2

1
2

3
pD

d d d
I I

σ µ σ σ
µε

∂∂= = = ⊗ + − ⊗
∂ ∂ ∂ �

C� I  

where 1
2 ( )ijkl ik jl il jkδ δ δ δ= +I .  

 
With these at hand, now we state the upper bound problem as a minimisation scheme as 

                                           ( ) ( ) ( ) ( )minc
p t p t

Yu
v v u uγ

∈
 = Π Π = Π Π �

� �   

where cγ is the true collapse multiplier,v andu� are the collapse and arbitrary velocity fields, respectively; as 

well as ( )p uΠ � and ( )t uΠ � denoting the total plastic (internal) work and the external work. We now normalize 

the solution to obtain a load vector which produces a unit external work, so we define the reduced space Y  as: 

                                               ( ){ }  1tY Yu u= ∈ Π =� �  

and therefore the problem reduces to 

( )minc
p

Yu
uγ

∈
= Π
�

�    

3. THE UPPER BOUND SOLUTION 
 

We consider a finite element discretization of the body over a reduced space HY so that the multiplier can be 

rewritten as  

                                       ( )( ) min
H

c
p H p

Yu
v uγ

∈
= Π = Π

�

�   so that  c
Hγ γ≤  

The constrained minimisation produces a set of equations that lead to a Newton-Raphson solution technique, 
provided the singularity of the stiffness is taken care of, and an initial velocity vector can be computed, in this 

case, as the normalized elastic finite element solution. HY denotes the corresponding solution space: 

 { }  H a aY Y Nu u u= ∈ = ∑� � �  

for a given set of finite element shape functionsaN over a mesh with 1,..,a n= nodes. Consider also the 

reduced  space  HY  : 

 ( ){ }  1H H tY Yu u= ∈ Π =� �  

A Lagrange minimization technique is used to compute a velocity field Hv  that produces the least internal 

plastic work at imminent collapse. The Lagrange solution takes the form 
 

( )  ( ) 0T u H uλ− =� �     

where ( )  T d
Ω

= Ω∫T u B σ�  and ( ) t=∂Π ∂H u u� � . The Newton-Raphson procedure yields an iterative 

process based on the step expression 

1 ( )k k kK u F T uλ +∆ = −� �    

where 1 ( )k p kuλ + = Π � , F  is the external force vector andkK is the tangent matrix. Because of the singularity 

of the tangent matrix, a special treatment is given to the solution construct which produces a reduced number of 
degrees of freedom when solving the equilibrium equation. 
 

4. THE LOWER BOUND EVALUATION 
 

Consider a very fine meshhY in figure 1.b, obtained by enriching HY shown in figure 1.a, by higher order 

polynomials or element subdivision. By constructionH hY Y⊂ and we will assume that the solution in hY  is 

sufficiently accurate, that is 

( ) ( )min
h

c
h p h p

Yu
v uγ γ

∈
≡ Π = Π

�

��    (1) 
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where the reduced space hY  is as before ( ){ }  1h h tY Yu u= ∈ Π =� � . 
 

                   
                                             a)                                                                    b)                                                                 c) 

Figure 1. a) Coarse space; b) Fine space (reference mesh); and c) Broken space. 
 

Consider that the fine space hY  of figure 1.b) has the broken space ̂ hY  in figure 1.c) where continuity across the 

edges of HY  macroelements is not enforced. Note that ˆ
h hY Y⊂  . To restore continuity we introduce the edge 

forces q  

 ( ) � �,  
iS

b dlq u q u= ⋅∫� �  

where� �u� denotes the jump ofu� across the interval edges iS . Then 

 ( ){ }ˆ   , 0 ,h hY Y bu q u q= ∈ = ∀� �  

The reduced space hY  is now 

 ( ) ( ){ }ˆ   , 1 ,h h tY Y bu u q u q= ∈ Π + = ∀� � �  

Note that the condition ( ) 1t uΠ =�  is obtained by taking 0=q . The minimization (1) is now rewritten with 

the help of the Lagrangian 

 ( ) ( ) ( ) ( ), , 1 ,h p h t bu q u u q uα γ λ= Π + − Π −  � � � �  

and based on duality theory as in [3] we have: 

 ( )
,

min max  , ,
h h

h h h
Yu q

u q
λ

γ α λ
∈

=
�

�  

leading to 

 ( ) ( ) ˆmax min max  , , min max  , ,
h hh h

h h H h h
Y Yu uq

u q u P
λ λ

γ α λ α λ γ
∈ ∈

≥ ≥ ≡
� �

� �  (2) 

This represents a lower bound to the collapse multiplier cγ . The term HP in (2) represents a particular choice of 

q  to be evaluated in the coarse mesh. The determination of the edge forcesq in this implementation is 

accomplished by the flux equilibration method initially proposed in [4]. A simpler expression for ˆhγ  is obtained 

by first defining the augmented external force term 
 ( ) ( ) ( )ˆ ,t t HbΠ = Π +u u P u� � �  
and the reduced broken space as 

 ( ){ }ˆ ˆ ˆ  1h tY Yu u= ∈ Π =� �  (3) 

Henceˆhγ is now 

 ( ) ( )
ˆ

ˆ ˆ min
h

h p h p
Y

γ
∈

≡ Π = Π
u

v u
�

�  

Despite the fact that condition (3) seems to tie up the solution of the local problems, they can in fact be solved 

individually. To show this consider each macroelement 1, , He m= …  in turn, where Hm is the number of 

elements in the coarse mesh. Consider the corresponding reduced space ( ){ }ˆ  1e e e e e
h h tZ Zu u= ∈ Π =� � .  



Here, eu� is the velocity field within the local domain, and ( )ˆ e e
tΠ u�  denotes the work done by the forces acting 

on the edges of elemente . We now define the local (elemental) minimizers ˆe
hγ  as 

 ( ) ( )ˆˆ ˆmin
e e

h

e e e e e
h p p h

Zu
u vγ

∈
≡ Π = Π
�

�  

Proposition: the minimizer ˆhγ  is 

 
1,..,

ˆ ˆ ˆmin
h

e E
h h h

e m
γ γ γ

=
= ≡  

Proof: Consider any ˆ
h hYu ∈�  and let e

hu�  denote its restriction to macro-element e . With this notation 

 ( ) ( )e e
p h p h

e

u uΠ = Π∑� �   with condition  ( ) ( )ˆ ˆ 1e e
t h t h

e

u uΠ = Π =∑� �  

Then 

 ( ) ( ) ( ) ( )ˆ ˆ e e e e e e e e
p h p h t h p h t h

e e

u u u u u Π = Π = Π Π Π ∑ ∑� � � � �  

 ( ) ( )ˆˆ ˆ e e e e
t h p h

e

u v≥ Π Π∑ �  (4) 

 ( )ˆˆE e e
h t h

e

uγ≥ Π∑ � ˆE
hγ≥  (5) 

This last inequality implies that in the broken problem the deformation localises in the weakest element. A lower 
bound, from the proof above, can be better computed from expression (4) , that is 

( ) ( )ˆˆˆ ˆ e e e e
h t h p h

e

u vγ = Π Π∑ �  

This last expression corresponds to an integral approach, incorporating each elemental contribution to the lower 
bound, as opposed to the local approach which is based on a single element contribution, described by 
expression (5). The integral approach gives the best results, which are described thereafter in the present paper. 
 

5. ADAPTIVITY  ISSUES 
 
The implementation of the adaptive procedure used in this work is based on a h-refinement method by element 
subdivision, as summarized in [5]. The upper and lower bounds produce what is known as the bound gap which 
can be determined as the sum of the differences between the contributions of the upper and the lower bound on a 
local, element-by-element basis. This can be summarized as  

e
e

g g=∑  with   ( ) ( ) ( )ˆˆ ˆ e e e e e e
e p H t h p hg =Π −Π Πu u v� �  

so that the elemental contribution to the total gap is used as the adaptivity indicator, using the maximum 

contribution criteria, that is: refine those elements whereeg γ η≥ ⋅  for some 0 1γ< <  chosen by the user, 

with emax  g
e

η= . The refinement process uses a set of rules to deal with hanging nodes on non-conforming 

elements, which constitutes a convenient, simple re-meshing strategy. 
 

6. NUMERICAL RESULTS 
 
An end-loaded wide tapered cantilever beam in plane stress as that presented in [6] is used for a brief discussion 
of the results. The figure 2.a) shows the case problem with the coarse initial mesh. An intermediate step in the 
adaptive process is depicted in figure 2.b). The final adaptively refined mesh of the solution is shown in figure 
2.c) clearly describing the plastic regions where slip-lines are expected to occur. 
 
In figure 3.a) a plot of the upper and lower bounds progression for adaptive refinement is presented, indicating 
the average predictor progression. Meanwhile, in figure 3.b) the rate of convergence of the bound gap and the 
bounds errors are depicted. Similar results to those of figure 3.a) were observed for the case of uniform 
refinement, with the evident higher processing drag of the latter. 
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a)        b)           c) 

Figure 2. An adaptive refinement sequence 
 
 

 
   a)                             b) 

Figure 3. Upper and lower bounds and rate of convergence plots 
 

7. CONCLUSION 
 
An innovative solution procedure to the limit state analysis problem in plane stress for rigid-plastic Von Mises 
materials is presented. The numerical results show a good performance in terms of the quality of the output and 
processing time. Extensions to new modelling conditions are being considered for future research. 
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